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Abstract: Recently, Son and Stephanov have considered an “open moose” as a possible
dual model of a QCD-like theory of chiral symmetry breaking. In this note we demonstrate
that although the Weinberg sum rules are satisfied in any such model, the relevant sums
converge very slowly and in a manner unlike QCD. Further, we show that such a model
satisfies a set of generalized sum rules. These sum rules can be understood by looking at the
operator product expansion for the correlation function of chiral currents, and correspond to
the absence of low-dimension gauge-invariant chiral symmetry breaking condensates. These
results imply that, regardless of the couplings and F -constants chosen, the open moose is
not the dual of any QCD-like theory of chiral symmetry breaking. We also show that the
generalized sum rules can be “solved”, leading to a compact expression for the difference of
vector- and axial-current correlation functions. This expression allows for a simple formula
for the S parameter (L10), which implies that S is always positive and of order one in any
(unitary) open linear moose model. Therefore the S parameter is positive and order one
in any “Higgsless model” based on the continuum limit of a linear moose regardless of the
warping or position-dependent gauge-coupling chosen.
Keywords: Dimensional Deconstruction, Chiral Symmetry Breaking, Sum Rules.
Recently, motivated by models of hidden local symmetry [1, 2, 3, 4, 5], gauge/gravity
duality [6, 7, 8, 9], and dimensional deconstruction [10, 11], Son and Stephanov [12] have
considered an “open moose” as a possible dual model of a QCD-like theory with chiral sym-
metry breaking. The model, shown diagrammatically (using “moose notation” [13, 10]) in
Fig. 1, incorporates K + 1 nonlinear (SU(2) × SU(2))/SU(2) sigma models in which the
global symmetry groups in adjacent non-linear sigma models are identified through K SU(2)
gauge groups. The far left- and right-handed symmetry groups (carried by Σ1 and ΣK+1
respectively) remain ungauged, and are identified with the (approximate) chiral SU(2)L,R
of QCD. Parity symmetry is naturally incorporated by identifying the gauge-couplings and
F -constants under reflection, gi = gK+1−i and Fi = FK+2−i.
1 2 3 K
(gAµ)(gAµ) (gAµ) (gAµ)
Σ Σ Σ Σ Σ Σ1 2 3 4 K+1K
.  .  .  .
F1 F F F F F2 3 4 K K+1
SU(2) SU(2)L R
Figure 1: Moose diagram for model.
The identification of this model as a possible dual to a QCD-like theory rests principally
on two features. First, the model has the right basic symmetry properties of QCD, including
parity, the correct global symmetry breaking pattern (SU(2)L × SU(2)R → SUV (2)), and
a tower of vector and axial vector meson states. More remarkably, for an arbitrary set of
parity-symmetric couplings gi and F -constants Fi, Son and Stephanov [12] have shown that
the model automatically respects the Weinberg sum rules [14] expected to be valid in QCD.
In this letter, we investigate the difference of vector- and axial-current correlation func-
tions in an arbitrary “open moose” model. By considering the asymptotic behavior of this
difference of correlation function, we derive K independent sum rules∗ which are automati-
cally satisfied in any such model. The first two of these generalized sum rules are the Weinberg
sum rules previously demonstrated by Son and Stephanov. We demonstrate that, unlike the
behavior expected in QCD, the first and second sum rules are typically not well satisfied
unless one includes all of the spin-1 resonances present in the model. That is, although the
Weinberg sum rules are always formally satisfied in any “open moose” theory, no truncation
of such a theory to the first few resonances can provide an approximation of QCD.
Furthermore, relating our results to the operator product expansion [16, 17], we show
that the extra sum rules correspond to the absence of low-dimension gauge-invariant chiral
symmetry breaking condensates. This absence is a direct result of the “collective breaking” of
the chiral symmetry implicit in these models [18, 19]. These results imply that, regardless of
the gauge couplings and F constants chosen, the open moose is not the dual of any QCD-like
theory.
∗After the completion of this work, we learned that eqn. (18), the generalized sum rules (eqn. (28)) which
derive from it, and the interpretation of the sum rules in terms of the absence of chiral-symmetry breaking
condensates has been derived independently by Hirn and Stern [15].
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Finally, using these results, we derive a simple expression for the difference between the
vector and axial current correlation functions. This expression allows us to evaluate the S-
parameter (L10) and the analog of the pi
+ - pi0 mass difference, and show that they are always
positive and that the S parameter will be of order one in any unitary model.
The open moose is described by the following Lagrangian [12]
L = 1
4
K+1∑
k=1
F 2k Tr|DµΣk|2 −
1
2
K∑
k=1
Tr(F kµν)
2 . (1)
Here the covariant derivatives are defined as
DµΣ
k = ∂µΣ
k − i(gAµ)k−1Σk + iΣk(gAµ)k , (2)
where we denote gkA
k
µ ≡ (gAµ)k, the gauge field Aµ = Aaµτa/2 (where the τa are the conven-
tional Pauli matrices), and it is understood that the groups at the ends of the moose are not
gauged: g0 = gK+1 ≡ 0 and A0µ = AK+1µ ≡ 0. The K + 1 nonlinear sigma model fields Σk(x)
transform as
Σk → Uk−1(x)ΣkU †k(x) , (3)
where U0 and UK+1 are identified with the global transformations L,R ∈ SU(2)L,R. The K
gauge symmetries are spontaneously broken, yielding K massive vector mesons which are to
be identified with the vector mesons of QCD, and the global symmetries SU(2)L × SU(2)R
are broken to their diagonal subgroup, resulting in a set of massless Goldstone bosons which
are identified with the pions of QCD.
As usual, we may parameterize the fields Σk by
Σk(x) = exp
(
2ipik(x)
Fk
)
, (4)
of which K linear combinations of the pik are “eaten” by the gauge fields. The combination
of sigma model fields
Σ = Σ1Σ2 . . .ΣK+1 , (5)
transforms only under the the global symmetry groups
Σ→ LΣR† , (6)
and therefore the linear combinations
pi = F
K+1∑
k=1
pik
Fk
;
1
F 2
=
K+1∑
k=1
1
F 2k
(7)
are the Goldstone bosons of chiral symmetry breaking, and F is to be identified with fpi in
QCD. The vector-boson mass matrix may be computed directly, and is the tridiagonal matrix
M2 =
1
4


g21(F
2
1 + F
2
2 ) −g1g2F
2
2
−g1g2F
2
2 g
2
2(F
2
2 + F
2
3 ) −g2g3F
2
3
−g2g3F
2
3 g
2
3(F
2
3 + F
2
4 ) −g3g4F
2
4
.
.
.
.
.
.
.
.
.
−gK−2gK−1F
2
K−1 g
2
K−1(F
2
K−1 + F
2
K
) −gK−1gKF
2
K
−gK−1gKF
2
K
g2
K
(F2
K
+ F2
K+1)

 (8)
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The eigenvectors |lˆ〉 of this matrix satisfy equation M2|lˆ〉 = m2
lˆ
|lˆ〉, with m2
lˆ
the masses of the
vector mesons. The mass eigenstate fields Alˆµ (lˆ = 1, . . . ,K) are then given by
Alˆµ =
∑
k
Akµ〈k|lˆ〉 , (9)
where, for convenience, the expansion coefficients are written in Dirac notation and satisfy
the reality conditions 〈k|lˆ〉∗ = 〈lˆ|k〉 = 〈k|lˆ〉 and the usual completeness conditions∑
lˆ
〈i|lˆ〉〈lˆ|j〉 = δij &
∑
k
〈lˆ|k〉〈k|jˆ〉 = δ
lˆjˆ
. (10)
Using the parity symmetry of the open moose we can classify the pions as pseudoscalars, and
we find that the spin-1 spectrum alternates between vector and axial vector mesons.
Consistent with Son and Stephanov, we define the vector meson decay constants
〈0|JaV µ(0)|Ablˆ〉 = glˆV δabεµ & 〈0|JaAµ(0)|Ablˆ〉 = glˆAδabεµ , (11)
where JaV,Aµ are the conventionally normalized vector and axial vector isospin currents. Direct
computation [12] then yields
g
lˆ V,A
=
F 21 g1
4
[〈1|lˆ〉 ± 〈K|lˆ〉] , (12)
where we have used parity symmetry to set g1 = gK and F1 = FK+1. By parity symmetry,
g
lˆV
(g
lˆA
) vanishes for even (odd) lˆ. Current conservation then implies that the correlation
function of vector or axial currents may be written in the form
〈JaV,Aµ(q)JbV,A ν(−q)〉 = δab (−q2ηµν + qµqν)ΠV,A(−q2) . (13)
In the open moose at tree level, one finds [12]
ΠV (Q
2) =
∑
lˆ
g2
lˆV
m2
lˆ
(m2
lˆ
+Q2)
, (14)
and
ΠA(Q
2) =
F 2
Q2
+
∑
lˆ
g2
lˆA
m2
lˆ
(m2
lˆ
+Q2)
. (15)
Of particular interest in the study of chiral symmetry breaking is the difference between
the vector and axial vector correlation functions
ΠV−A(Q
2) = ΠV (Q
2)−ΠA(Q2) = − F
2
Q2
+
∑
lˆ
g2
lˆV
− g2
lˆA
m2
lˆ
(m2
lˆ
+Q2)
. (16)
This correlation function can be written in a surprisingly compact form. Using eqn. (12), the
numerator of the sum becomes
g2
lˆV
− g2
lˆA
=
F 41 g
2
1
4
〈1|lˆ〉〈K|lˆ〉 = F
4
1 g
2
1
4
〈1|lˆ〉〈lˆ|K〉 . (17)
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Then, using the completeness relations, we find that the difference of correlation functions
may be written entirely in terms of the vector meson mass matrix M2
ΠV−A(Q
2) = − F
2
Q2
+
F 41 g
2
1
4
〈
1
∣∣∣∣ 1M2(Q2 · I +M2)
∣∣∣∣K
〉
. (18)
This result forms the basis of our discussion of the open moose model†.
Using eqn. (18), we can proceed to investigate the asymptotic behavior of ΠV−A(Q
2) as
Q2 →∞ in the open moose model by expanding this function in powers of 1/Q2
ΠV−A(Q
2) =
∞∑
n=1
cn
Q2n
, (19)
using the expansion
1
M2(Q2 · I +M2) =
I
Q2
( I
M2
− I
Q2
+
M2
Q4
+ . . .
)
(20)
The first term yields
c1 = −F 2 + F
4
1 g
2
1
4
〈
1
∣∣∣∣ 1M2
∣∣∣∣K
〉
. (21)
Computation of the matrix element in eqn. (21) from eqn. (8) (by induction on K, for
example) yields‡
F 41 g
2
1
4
〈
1
∣∣∣∣ 1M2
∣∣∣∣K
〉
=
(
K+1∑
k=1
1
F 2k
)−1
≡ F 2 , (22)
and therefore c1 ≡ 0. Comparing with eqn. (16), we see this implies
∑
lˆ
(
g2
lˆV
m2
lˆ
−
g2
lˆA
m2
lˆ
)
= F 2 , (23)
and therefore the first Weinberg sum rule is satisfied for an arbitrary parity-symmetric open
moose. The second term in eqn. (19) yields
c2 = − F
4
1 g
2
1
4
〈1|K〉 ∝ δ1K , (24)
and therefore vanishes for all K > 1. Comparing to eqn. (16), we see that∑
lˆ
(
g2
lˆV
− g2
lˆA
)
≡ 0 , (25)
†In general, without assuming parity symmetry, one obtains a result for the correlation function of left-
and right-handed currents; for ΠLR, there is an overall factor of 1/4 and the second term is proportional to
g1F1gKFK+1. Similar expressions can be derived for ΠLL,RR. See also [15].
‡This calculation may be simplified by noting that we may write M2 = GV 2 G, where G is a diagonal
matrix of gauge couplings and V 2 is a matrix of “vevs.” In this notation, |1〉 and |K〉 are eigenvectors of G
with eigenvalue g1, and the second term in eqn. (21) reduces to 〈1|V
−2|K〉.
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Figure 2: Fractional error of par-
tial sums of 1st Weinberg sum rule,[
1
F 2
pi
∑M
1
(
g2
nV
m2
n
− g2nA
m2
n
)
− 1
]
in the “flat”
background given twenty lattice sites. Note
that more than ten terms are required to
reproduce F 2pi to 50%.
Figure 3: Fractional error of par-
tial sums of 2nd Weinberg sum rule,[
1
g2
1V
∑M
1
(
g2nV − g2nA
)]
.
and the second Weinberg sum rule is automatically satisfied as well.
The fact that the symmetries and spectrum corresponds to what one sees in QCD, and
that the Weinberg sum rules are automatically satisfied for any parity-symmetric open moose
motivates the conjecture that perhaps for some choice of parameters such a model can be
considered a dual to a QCD-like theory [12] – perhaps in the large-NC limit [20]. That this
is unlikely, however, can be seen by examining the behavior of partial sums of the Weinberg
sum rules eqns. (22) and (25). In the case of a “flat background”, in which all Fk and gk are
taken to be equal, and for K equal to 20, the fractional errors of the partial sums are shown
in Figs. 2 and 3 (the partial sums in the second Weinberg sum rule are normalized to g2
1V
to make them dimensionless). The values of the F -constants and gauge couplings are set by
requiring that fpi and mρ be correct. We immediately observe that, unlike QCD in which
the Weinberg sum rules are reasonably well satisfied including just the ρ and A1, the sum is
off by almost 100% after inclusion of the first vector and axial-vector mesons. In fact, the
fractional error is still almost 50% after including the first ten vector resonances.
That this behavior is not peculiar to the flat background can be seen in Figs. 4 and 5.
Here, for illustration, motivated by the “cosh background” of [12], we take the parameters
gk = g & Fk =
Λ
g
cosh
(
−A+ (k − 1)2A
K
)
, (26)
with A = 2.0 and K = 20. The values of Λ and g are, again, set by requiring the model
reproduce fpi and mρ. In this case, the behavior of the partial sums is substantially worse
than in the flat case – in retrospect, this can be understood as arising because the spacing
between the vector and axial-vector mesons grows more quickly in this model [12]. Here again
we conclude that the model does not behave like QCD.
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Figure 4: Same as Fig. 2, for the “cosh”
background with twenty lattice sites. Only the
first ten partial sums are shown; the errors in-
crease for larger values, canceling exactly only
when all terms are included.
Figure 5: Same as Fig. 3, for the “cosh”
background with twenty lattice sites. Only the
first ten partial sums are shown; the errors in-
crease for larger values, canceling exactly only
when all terms are included.
In fact, we can be substantially more precise in our analysis of the difference between
the asymptotic behavior of the open moose model and that expected in a QCD-like theory.
Computing higher order terms in the expansion of eqn. (19), we find
cn = (−1)n+1 F
4
1 g
2
1
4
〈
1
∣∣(M2)n−2∣∣K〉 , (27)
for n ≥ 2. Because of the tridiagonal form of the mass matrix (eqn. (8)), we find that cn ≡ 0
for n = 2, 3, . . . ,K. Comparing this to eqn. (16), we see that we have a family of generalized
sum rules ∑
lˆ
(g2
lˆV
− g2
lˆA
)m2j
lˆ
≡ 0 , (28)
for j = 0, 1, . . . ,K − 2.
The coefficients of the terms in the asymptotic expansion of ΠV−A can be matched to
the presence or absence of chiral-symmetry breaking condensates [16, 17]. In general, the
constants cn correspond to the vacuum expectation value of a chiral-symmetry breaking
condensate of dimension 2n. In QCD-like theories, the asymptotic behavior [16] is expected
to be dominated by
c3 = −8pi2
(αs
pi
+O(α2s)
)
〈ψ¯ψ〉2 , (29)
at least in the large-NC [20] limit. Therefore, for K > 2, the open moose does not reproduce
the expected behavior. Indeed, in general the first nonzero expectation value occurs for cK+1.
It is easy to construct a perturbative example that realizes this behavior: consider a model
in which each of the nonlinear sigma model fields Σk are replaced by linear sigma model
fields Φk [21]. In this case, cK+1 ∝ 〈Φ1Φ2 . . .ΦK+1〉2. The absence of low-dimension chiral
symmetry breaking condensates is a manifestation of the “collective breaking” incorporated
in these models [18, 19].
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The generalized sum rules allow for a convenient expression of ΠV−A(Q
2) in this model.
Consider forming a common denominator for the expression on the right hand side of eqn.
(16)
ΠV−A(Q
2) =
P (Q2)
Q2 · (Q2 +m2
1ˆ
) . . . (Q2 +m2
Kˆ
)
, (30)
where, from the form of eqn. (16), we see that P (Q2) is a polynomial in Q2 at most of order
K. However, as discussed above, the generalized sum-rules of eqn. (28) imply that ΠV−A(Q
2)
must fall like 1/(Q2)K+1 for large Q2. Therefore P (Q2) must be a constant. We may evaluate
this constant by requiring that the pion pole have the correct residue, and hence we derive
ΠV−A(Q
2) = − F
2
Q2
∏
lˆ
m2
lˆ
(Q2 +m2
lˆ
)
. (31)
The residues of the poles at the masses m2
lˆ
provide an expression for the vector meson decay
constants in terms of the masses and F
g2
lˆV
− g2
lˆA
= m2
lˆ
F 2
∏
kˆ 6=lˆ
m2
kˆ
m2
kˆ
−m2
lˆ
, (32)
“solving” the generalized sum rules (eqn. (28)) and completing the program of [14, 17] in this
model.
We may now immediately compute the analogs of the S (L10) parameter and the pi
+ –
pi0 mass difference in QCD. S [22, 23, 24, 25, 26, 27] is calculated to be
S = 4pi
d
dQ2
[
Q2ΠV−A(Q
2)
]
Q2=0
= 4piF 2

∑
lˆ
1
m2
lˆ

 , (33)
and is manifestly positive in any open moose model.§ We note that this expression implies
that any “Higgsless model” [28, 29, 30, 31] based on the continuum limit of a linear moose will
have a positive S parameter, regardless¶ of the warping or position-dependent gauge-coupling
chosen. In any unitary theory [33, 34], we expect the mass of the lightest vector m
1ˆ
to be less
than
√
8piv (v ≈ 246 GeV) – the scale at which WW spin-0 isospin-0 elastic scattering would
violate unitarity in the standard model in the absence of a higgs boson [35, 36, 37, 38, 39, 40].
Evaluating eqn. (33), with F = v, we see that we expect S to be of order one-half or larger.
Similarly, the pion mass-squared difference [41, 42] may be written
∆m2pi =
3αem
4piF 2
∫ ∞
0
dQ2 (−Q2)ΠV −A(Q2) , (34)
and, from eqn. (31), is again manifestly positive as expected for a vector-like theory [43].
§An alternative, manifestly positive, expression for S is given in [15].
¶In this paper, we have calculated L10 in the effective chiral SU(2)L ×SU(2)R theory. As such, our results
are only accurate to lowest nontrivial order in the electroweak couplings g or g′. It has been shown [32]
that, beyond this approximation, a brane kinetic energy term of the correct type can give rise to a negative
contribution to S.
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A. Appendix
The analogs of the S (L10) parameter and the pi
+ – pi0 mass difference in QCD may also be
expressed as matrix elements in this model. In the pole approximation [22, 27],
S = 4pi
∑
lˆ
g2
lˆV
− g2
lˆA
m4
lˆ
= pi F 41 g
2
1
〈
1
∣∣∣∣ 1M4
∣∣∣∣K
〉
, (A.1)
where the last equality follows from the derivation given above. Evaluating this expression
for the “flat background” mass matrix, we find
S =
8pi
3
1
g2
K(K + 2)
K + 1
, (A.2)
in agreement with [31]. The derivation of eqn. (A.1) relies only on the two global symmetry
groups coupling to only one gauge group each – not on the linearity of the moose. It is
interesting to speculate that a M2 matrix can be found for which S ≡ 0, but for which
chiral symmetry breaking still takes place‖ – such a theory may provide the basis for a
phenomenologically interesting theory of dynamical electroweak symmetry breaking.
Similarly, the pion mass-squared difference can be written [41]
∆m2pi = −
3αem
4piF 2
∑
lˆ
(g2
lˆV
− g2
lˆA
) logm2
lˆ
, (A.3)
where, because of the 2nd Weinberg sum rule, the expression is finite. The methods above
imply that in the open moose model, this may be formally written as
∆m2pi = −
3αemF
4
1 g
2
1
16piF 2
〈
1
∣∣logM2∣∣K〉 . (A.4)
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